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A duality transformation in quantum field theory is usually established first through partition
functions. It is always important to explore the dual relations between various correlation functions
in the transformation. Here, we explore such a dual relation to study quantum phases and phase
transitions in an extended boson Hubbard model at 1/3 (2/3) filling on a triangular lattice. We
develop systematically a simple and effective way to use the vortex degree of freedoms on dual
lattices to characterize both the density wave and valence bond symmetry breaking patterns of the
boson insulating states in the direct lattices. In addition to a checkerboard charge density wave (X-
CDW) and a stripe CDW, we find a novel CDW-VBS phase which has both local CDW and local
valence bond solid (VBS) orders. Implications on QMC simulations are addressed. The possible
experimental realizations of cold atoms loaded on optical lattices are discussed.
PACS numbers: 03.75.Lm, 05.30.Jp, 74.25.Uv, 75.10.Kt
Various duality transformations play crucial roles in
non-perturbative calculations of quantum field theories,
statistical mechanics and string theory. For example, the
2d Ising model is self-dual, the high temperature region
of a 2d Ising model in a lattice can be mapped to the
low temperature region of its dual Ising model defined
on a dual lattice and vice versa [1]. The two spin cor-
relation function of the Ising model can also be calcu-
lated in terms of its dual Ising model with suitably cho-
sen frustrated bonds. The high temperature region of a
3d Ising model can be mapped to the low temperature
region of a 3d Z2 lattice gauge theory defined on the
links of its dual lattice. It was also shown in [2] that
the high temperature region of a 3d XY model is dual
to the low temperature region of a 3d U(1) lattice gauge
field defined on its dual lattice. In the recently discov-
ered AdSd+1/CFTd correspondence, several correlation
functions of the strongly coupled quantum field theory
in the flat space on its boundary can be computed just
by solving the equation of motions in a classical gravity
in the asymptotic AdS geometry in the bulk [3].
Recently, by a dual vortex method (DVM), Balents
et al. [4] studied the quantum phases and phase tran-
sitions of the extended boson Hubbard model (EBHM)
in a square lattice at generic commensurate filling factors
f = p/q ( p, q are relative prime numbers ). They mapped
the interacting bosons at the filling factors f hopping in
a lattice to the interacting vortices hopping on the dual
lattice subject to a fluctuating dual magnetic field whose
average strength through a dual plaquette is equal to the
boson density f = p/q. The projective representation of
the space group (PSG) dictates that there are at least q-
fold degenerate minima φl, l = 0, 1, · · · , q−1 in the mean
field energy spectrum. In the continuum limit, the effec-
tive action describing the superfluid (SF) to an insulator
transition in terms of these q order parameters should
be invariant under this PSG. They also constructed a
density operator formalism (DOF) to describe the sym-
metry breaking patterns of bosons in the direct lattice.
Later, the DVM was applied to a triangular lattice [5].
The DVM method was applied by one of the authors
[6, 7] to study quantum phases and phase transitions of
the EBHM in a honeycomb lattice at and near half fill-
ings. Despite all these previous studies, one remaining
outstanding problem is how to characterize the symme-
try breaking patterns of bosons in a insulating state in
terms of the dual vortices in the corresponding dual lat-
tice. Here we attempt to resolve this outstanding prob-
lem.
We develop a systematic way to determine the sym-
metry breaking patterns of the insulating states in terms
of the vortex degree of freedoms only at the dual hon-
eycomb lattice points. These vortex degree of freedoms
are the gauge invariant physical vortex densities, the ki-
netic energies and vortex currents defined in Eqn.5 and 6.
We find the checkerboard charge density wave (X-CDW)
phase in Fig.2a in the Ising limit, the stripe phase in
Fig.2b in one of the easy plane limit, both of which were
found previously by the DOF [5]. Most importantly, we
identify a novel CDW-VBS phase which has both CDW
and valence bond solid (VBS) orders shown in Fig.3 in
another easy plane limit. This CDW-VBS phase differs
from the bubble solid phase in the same easy plane limit
found by the DOF in [5]. This disagreement shows that
the DOF developed in [4, 5] is at least incomplete. The
method developed here should be very general and can
be used to characterize uniquely the symmetry breaking
patterns of bosons in any lattices at any filling factors
by using the vortex degree of freedoms only at the cor-
responding dual lattice points. We compare our results
with the previous Quantum Monte Carlo (QMC) results
in a triangular lattice [21] with V1 and V2 interactions and
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FIG. 1: (Color online). (a) Bosons at filling factor f are
hopping on a triangular lattice ( red line ) which has three
sublattices X,Y, Z. Its dual lattice is a honeycomb lattice
( black line ) which has two sublattices a and b. (b) The
bond phase factors in a dual honeycomb lattice at f = 1/3
flux quanta per hexagon. The direction of the gauge field
is important. At f = 2/3, the bond phase factors are just
complex conjugate of those at f = 1/3.
also give important implications to possible future QMC
simulations. The quantum phases identified in this paper
may be realized in the future experiments of the dipolar
bosons loaded on a triangular lattice [16].
The EBHM in both bi-partisan and frustrated lattices
with various kinds of interactions and filling factors (com-
mensurate or in-commensurate) is described by the fol-
lowing Hamiltonian [4, 6, 8]:
H = −t
∑
〈ij〉
(b†i bj + h.c.)− µ
∑
i
ni +
U
2
∑
i
ni(ni − 1)
+ V1
∑
〈ij〉
ninj + V2
∑
〈〈ik〉〉
nink + · · · (1)
where ni = b
†
ibi is the boson density, t is the hopping am-
plitude, U, V1, V2 are onsite, nearest neighbor and next
nearest neighbor interactions between the bosons. The
· · · may include further neighbor interactions, the dipole-
dipole interaction [9, 10], 3-body interaction [12] and pos-
sible ring-exchange interactions [13]. The EBHM Eqn.1
can be realized by ultra-cold atoms loaded in optical lat-
tices [14]. For example, using three coplanar beams of
equal intensity having the three vectors making a 120◦
angle with each other, the potential wells have their min-
ima in a triangular lattice [15]. The long range inter-
actions V1, V2, · · · and the dipole-dipole interaction can
be realized with dipolar bosons loaded in optical lat-
tices [16]. In this paper, we will use the DVM devel-
oped in [4, 7] to study various kinds of insulating phases
and phase transitions in a triangular lattice (Fig.1a) at
1/3(2/3) fillings. With the gauge chosen in Fig.1b, the
general effective vortex action in terms of the three modes
ξl, l = 0, 1, 2 ( See Eqn.4 below ) invariant under all the
PSG transformations upto sixth order terms was writ-
ten down in [5]. In the permutative representation basis
φl, l = 0, 1, 2 given by φ0 =
1√
3
(ξ0 + e
−i 2pi
3 ξ1 + ξ2), φ1 =
1√
3
(e−i
2pi
3 ξ0 + ξ1 + ξ2), φ2 =
1√
3
(ξ0 + ξ1 + e
−i 2pi
3 ξ2), the
effective vortex action LSF = L0 + L1 + L2 can be sim-
plified to:
L0 =
∑
l
|(∂µ − iAµ)φl|
2 + r|φl|
2 + (ǫµνλ∂νAλ)
2/4
L1 = u(|φ0|
2 + |φ1|
2 + |φ2|
2)2 − v[(|φ0|
2 − |φ1|
2)2
+ (|φ1|
2 − |φ2|
2)2 + (|φ2|
2 − |φ0|
2)2]
L2 = w[(φ
∗
0φ1)
3 + (φ∗1φ2)
3 + (φ∗2φ0)
3 + h.c.] (2)
where Aµ is a non-compact U(1) gauge field. When
r > 0, the bosons are in the superfluid state, 〈φl〉 = 0
for every l = 0, 1, 2. When r < 0, the bosons are in a
insulating state, 〈φl〉 6= 0 for at least one l.
In order to develop a systematic way to use the vortex
degree of freedoms in the honeycomb lattice to describe
the symmetry breaking patters of the bosons in the trian-
gular lattice, one has to derive the relation [18] (namely
Eqn.4 below) between the total vortex fields in the honey-
comb lattice and the order parameters φl in Eqn.2. Then
one need to first study [6] the energy spectrum of the vor-
tices hopping in the honeycomb lattice in the presence of
f = p/q flux quantum per hexagon shown in Fig.1a. For
the gauge chosen in Fig.1b, the vortex hopping Hamilto-
nian is Hv = −tv
∑
~x[|~x+
~δ〉ei2πfa1〈~x|+ |~x+~δ〉〈~x+~a2|+
|~x + ~δ〉〈~x + ~a1 + ~a2| + h.c.] where ~x = a1~a1 + a2~a2 and
~x+ ~δ, ~δ = 1/3~a1+2/3~a2 belong to the sublattice a and b
respectively in Fig.1b. Following the Sec.3 of Ref.[6], one
can derive the Harper’s equation corresponding to Hv:
cam−1(kx, ky) + e
iky (1 + ei(kx+2πfm))cam(kx, ky)
= ǫ(kx, ky)c
b
m(kx, ky),
cbm+1(kx, ky) + e
−iky (1 + e−i(kx+2πfm))cbm(kx, ky)
= ǫ(kx, ky)c
a
m(kx, ky) (3)
where m = 0, 1, · · · , q − 1 and a, b are two sublat-
tices of the honeycomb lattice, the −π/q ≤ kx ≤
π/q,−π ≤ ky ≤ π are inside the reduced Brillouin
zone. At q = 3, we are able to find the analytic ex-
pressions of the eigenvalues and the corresponding eigen-
vectors of the 6 × 6 matrix in Eqn.3 at the 3 min-
ima (kx, ky) = (0, 2πl/3), l = 0, 1, 2. The lowest eigen-
value is ǫ = −(1 + 2 cos 2π/9)tv, the corresponding
eigenvector at l = 0 is (cam(l = 0), c
b
m(l = 0)) =
[2 cos 4π/9+2 cos 2π/9+1, e−iπ/3, 2 cos 2π/9, 2 cos4π/9+
2 cos 2π/9 + 1, 2 cos 2π/9, e−iπ/3], m = 0, 1, 2. The
eigenvectors at l = 1, 2 can be achieved by the mag-
netic translation [4, 5] along ~a1: c
a
m(l) = c
a
m(l =
0)ω−ml, cbm(l) = c
b
m(l = 0)ω
−mlωl where ω = ei2πf . The
eigenfunctions at the three minima (kx, ky) = (0, 2πl/3)
are ψal (~x) =
∑q−1
m=0 c
a
m(l)e
i2πf(ma1+la2), ψbl (~x) =∑q−1
m=0 c
b
m(l)e
i2πf(ma1+la2). Then one can write the total
vortex fields at the sublattice a and b in the Fig.1 as the
expansion in terms of the three eigenfunctions:
(Φa(~x),Φb(~x))T =
2∑
l=0
(ψal (~x), ψ
b
l (~x))
T ξl (4)
3(a) (b)
FIG. 2: (Color online). (a) The X-CDW state in the Ising
limit v > 0 at f = 1/3. (b) The period 3 stripe phase in the
easy plane limit v < 0, w < 0 at f = 1/3. At f = 2/3, one
can just reverse the current flow and perform a particle and
hole transformation on f = 1/3, namely, exchange particles (
red dots ) and vacancies ( black empty circles ).
where the T means the transpose and the three coeffi-
cients ξl, l = 0, 1, 2 are the three vortex order parameters.
The effective action Eqn.2 was written in the permutative
representation φl.
Plugging the mean field solutions of all insulating
states where r < 0 in Eqn.2 into Eqn.4, one can con-
struct the following gauge invariant quantities [19]: the
densities at different sites in sublattices a and b:
|Φa(~x)|
2, |Φb(~x)|
2 (5)
and the bond quantities between sublattice a and sublat-
tice b :
Φ†b(~x)e
i2πfa1Φa(~x) = K − iI (6)
where ~x belongs to the same unit cell shown in Fig.1b. All
the other bonds having no phase factor from the gauge
field. The real part K gives the kinetic energy between
the two sites. The imaginary part I gives the current be-
tween the two sites. By using the Eqn.5, especially Eqn.6,
one can extract the corresponding symmetry breaking
patterns of bosons in the direct triangular lattice. In the
following, we discuss the 3 possible insulating states of
Eqn.2 where r < 0 respectively.
(1) If v > 0, the system is in the Ising limit, only one of
the 3 vortex fields condense. For example, substituting
φ0 = 1, φ1 = φ2 = 0 into Eqns.4-6, one can evaluate the
vortex densities, kinetic energy and the current in the
dual honeycomb lattice. For simplicity, we only show the
currents in Fig.2a which are obviously conserved. It is
important to observe that the chirality χp =
∑
p I around
any hexagon p leads to the boson density at the center
of the hexagon np = 1/3 + χp. Then we can calculate
the densities at the three sublattices: nx = 1/3 + 6δI >
1/3, ny = nz = 1/3 − 3δI < 1/3 with the constraint
nx + ny + nz = 1 where the I is the current flowing
around the X lattice site in Fig.2a. The δ ∼ nx−ny > 0
can be taken as the CDW order parameter measuring the
distance from the SF to the CDW transition.
(2) If v < 0, the system is in the easy-plane limit, all
the three vortex fields have equal magnitude φl = |φ|e
iθl
and condense. There are also two distinguished cases:
I
I2
1
FIG. 3: (Color online). The CDW-VBS phase in a triangular
lattice at f = 1/3 in the easy plane limit v < 0, w > 0.
Shown is θ0 = 0, θ1 = 2pi/9, θ2 = −2pi/9 case. There are
two different vortex currents flowing in the dual honeycomb
lattice. The red current is I1 = sin
3pi
9
+ sin 2pi
9
, the green
current I2 = sin
pi
9
+sin 2pi
9
. The vortex currents are conserved
at all the lattice points. The two different vortex currents in
a dual honeycomb lattice imply 3 different densities nr, ng, nb
in a triangular lattice listed in the text. At f = 2/3, one can
just reverse the current flow and perform a particle and hole
transformation on f = 1/3.
(2a) If v < 0, w < 0, the mean field solution [5] is
θ1 − θ0 = 2πm/3, θ2 − θ0 = 2πn/3 where m,n = 0, 1, 2.
Substituting θ0 = θ1 = θ2 = 0 into Eqns.4-6, one can
evaluate the vortex densities, kinetic energy and the cur-
rent in the dual honeycomb lattice. For simplicity, we
only show the currents in Fig.2b. Similar arguments as
in (1) shows that this is a stripe phase.
(2b) If v > 0, w > 0, one of the 18 equivalent solutions
[5] is θ1 − θ0 = θ0 − θ2 = 2π/9, then θ1 − θ2 = 4π/9.
Substituting this solution into Eqns.4-6, one can evalu-
ate the vortex densities, kinetic energy and the currents
shown in Fig.3. It is important to realize there are two
independent currents I1 and I2 flowing in Fig.3. Simi-
lar to (1), we can calculate the three different densities:
nr = 1/3 + 2δ[I1 + (I1 − I2)] > 1/3, ng = 1/3 + 2δ[I2 +
(I2 − I1)] > 1/3, nb = 1/3 − 2δ[I1 + I2] < 1/3 with the
constraint nr + ng + nb = 1 where I1 = sin
3π
9 + sin
2π
9 >
I2 = sin
2π
9 + sin
π
9 . The δ can be taken as the CDW-
VBS order parameter measuring the distance from the
SF to the CDW+VBS transition. When one tunes the
density nb = 0, then nr =
I1
I1+I2
> ng =
I2
I1+I2
with
nr/ng = I1/I2, nr + ng = 1.
It is important to observe that the vortex fields vanish
at the centers of both the red loop and the green loop,
therefore, both the kinetic energy and the current ema-
nating from the centers vanish. This fact indicates that
there are local SF (or VBS order) around the these two
dual lattice points as shown by the red and green trian-
gles in Fig.3. It is interesting to compare this fact with
the known result that the interacting bosons in a Kagome
lattice at f = 1/2 [6, 20] are always in a SF state due
to the localization of the vortices (a flat vortex band).
The crucial difference is that here there is only a local
SF around the the centers of the red loop and the green
loop, while there is a global SF across the whole lattice
in the latter. We need also stress that the vortex field
4is non-vanishing at the black point, so only the current
vanishes, but the kinetic energy does not vanish, it shows
that there are local CDW around the dual lattice point
as shown by black circles in Fig.3. So this state has both
VBS and CDW order which is a hybrid state unique to
a frustrated lattice.
Now we will determine quantitatively the CDW and
VBS ordering patterns of the CDW-VBS phase in Fig.3.
The CDW component of the CDW+VBS phase is given
by:
ρCV (~x) = 1/3 + 4δ
√
I21 − I1I2 + I
2
2
3
[− cos(
2π
3
x+
5π
18
)
+ cos(
2π
3
y +
π
18
) + cos(
2π
3
(x− y) +
π
18
)] (7)
where δ is the CDW order parameter and I1, I2 are the
vortex currents in Fig.3. The VBS component of the
CDW+VBS phase is given by:
B1(~x) = Bd(~x) = cδ(I1 + I2)(1 + 2 cos
2π
3
(x+ y))
+ 2cδ
√
I21 − I1I2 + I
2
2 [cos(
2π
3
x+
2π
9
)
+ cos(
2π
3
y −
2π
9
) + cos(
2π
3
(x− y)−
2π
9
)]
B2(~x) = B1(~x− ~a1) (8)
where the c is an overall constant which can not be de-
termined from the PSG symmetry based on the DVM.
When comparing with the CDW order in Eqn.7, we can
see that in addition to the 3 ordering wave vectors ~Qα =
2π/3(1, 0), 2π/3(0, 1), 2π/3(1,−1), α = 1, 2, 3, there is
also a new VBS ordering wave vector ~QV BS = 2π/3(1, 1).
It is this new ordering wave vector which makes the deter-
mination of the VBS order inside the CDW-VBS phase
possible by the QMC [21] and its detection possible by
light scattering experiments of cold atoms loaded on op-
tical lattices [17].
By extending the DOF in [4] for a square lattice to
the triangular lattice, the authors in Ref.[5] identified a
bubble CDW phase in the v > 0, w > 0 case. This bub-
ble CDW phase has only one vortex current I flowing in
the dual honeycomb lattice, so there is just two different
densities. Furthermore, there is no VBS order. Therefore
the bubble phase is completely different from the CDW-
VBS phase in Fig.3. This discrepancy indicates the DOF
developed in [4, 5] may have intrinsic difficulties. Some
general problems associated with the DOF are examined
in [22].
The EBHM of the hard core bosons with U =∞, V1 >
0, V2 > 0 was studied by QMC in [21]. A period-3 stripe
solid state in Fig.2b is found at f = 1/3. The dual vortex
effective action to describe the transition from the SF to
the stripe solid is given by Eqn.2 in the easy plane limit
r < 0, v < 0, w < 0. Unfortunately, the very interesting
CDW-VBS phase in Fig.3 was not searched in the QMC
in [21] in any parameter regimes. In order to identify
this phase, in addition to the QMC calculations of the SF
density and the density structure factor in [21], a bond
structure factor shown in Eqn.8 need also be studied to
identify the VBS ordering where there is an additional
new VBS ordering wavevector ~QV BS =
2π
3 (1, 1). The au-
thors in [12] studied the EBHM Eqn.1 with a three-body
interaction in a 1 dimensional lattice by QMC. They also
found a solid state with the coexistence of CDW and VBS
at f = 2/3. It would be very interesting so do a QMC on
a triangular lattice with the 3-body interaction to see if
the 3-body interaction can stabilize the CDW-VBS phase
in Fig.3.
When our method is applied to bipartite lattices [22],
it can recover all the previously known phases in [4, 7].
When it is applied to a Kagome lattice [22], we also
find another CDW+VBS states in the easy plane limit
v < 0, w > 0, so we believe that the CDW-VBS state may
be a common and robust state in any frustrated lattices.
It is interesting to identify such kind of states by QMC
simulations and realize them in near future cold atom ex-
periments. The dual relations between the correlations
of bosons and those of vortices explored in this paper
should also shed lights on exploring duality relations be-
tween correlations functions in other strongly correlated
physical systems.
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